ON INFINITELY COHOMOLOGOUS TO ZERO OBSERVABLES 



AMANDA DE LIMA AND DANIEL SMANIA 

Abstract. We show that for a large class of piecewise expanding maps T, 
the bounded p-variation observables uq that admits an infinite sequence of 
bounded p-variation observables M; satisfying 

Ui = Uj+i oT — u i+1 

are constant. The method of the proof consists in to find a suitable Hilbcrt 
basis for L 2 (hm), where hm is the unique absolutely continuous invariant 
probability of T. In terms of this basis, the action of the Perron-Frobenious 
and the Koopan operator on L 2 (hm) can be easily understood. This result 
generalizes earlier results by Bamon, Kiwi, Rivera-Letelier and Urzua in the 
case T(x) = Ix mod 1, t S N \ {0, 1} and Lipchitizian observables uq. 



1. Introduction 

Let T: I — > I be a dynamical system. Consider the cohomological operator 
defined by 

C(ip) = ip o T - i>, 

Given an observable, that is, a function uq : I — > R, one can ask if there exists a 
solution u\ to the Lvisic cohomologous equation 

C(ui) = uo- 

Such equation was intensively studied after its introduction by the seminal work of 
Livsic. These studies mainly concerns to the existence and regularity of the solution 

m. 

Let \i to be an invariant probability measure of T. We say that a function 
u : / —> M in L 1 ^) is cohomologous to zero if there is a function w : / — > K in 
such that 

u = C(w). 

A observable uq is infinitely cohomologous to zero if there exists a sequence of 
functions u n £ n £ N, such that C n u n = uo, for all n £ N. 

In [3j, Bamon, Kiwi, Rivera-Letelier and Urziia consider the expanding maps 
defined by 

Ti(x) = £x mod 1, 

where £ > 2 is an integer. The Lebesgue measure on [0, 1] is invariant by Tg_. 
They show that every non-constant lipschitzian function u : I — > R is not infinitely 
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cohomologous to zero. In this work we generalize this result to a much larger class 
of observables and piecewise expanding maps. 

Let 7 be an interval. We say that T : I — > 7 is a piecewise monotone map if there 
exists a partition by intervals . . . , I m } of 7 such that for each i < m the map 
T is continuous and strictly monotone in 7^. A piecewise monotone map is onto if 
furthermore T{Ii) = I for every i. A piecewise monotone map is called expanding 
if T is diffcrcntiable one each Ii and 

inf inf \T'{x)\ > 1. 

i x£li 

In this work, we will consider mainly maps T : 7 — > 7 satisfying the following con- 
ditions: 

(Dl) T is piecewise monotone, Lipschitz on each interval of the partition 7;, 
i < m. In particular T 1 is defined almost everywhere and it is an essentially 
bounded function. We also assume 

(1) ess inf \T'\ > 0. 

m 

(D2) There exists a closed interval 7* C 7 such that for T(7*) = 7*, the orbit 
of every point of 7 eventually enters I* and moreover for every interval 
Hal there is a finite collection of pairwise disjoint open subintervals 
Hi , . . . , Hk C H and n such that T n is a homeomorphism on Hi and 

int I* C UiT n (Hi). 

(D3) T has a horseshoe, that is, there are three open intervals 7i, J2 C J C 7*, 
with J1OJ2 = 0, such that T is a homeomorphism on each and 7 1 (7,) = 7, 
i = 1,2. 

(D4) T has an invariant probability [i that is absolutely continuous with respect 
to the Lebesgue measure m, so 

n(A) = h dm 
J A 

for some h € L 1 (m). We will denote /1 = hm, where h £ i 1 (m) and m is 
the Lebesgue measure on 7. Moreover ^ is exact and there exist a, b such 
that 

(2) < a < h{x) < b < 00 

for /im-almost every a; and the support of [i is 7* . 
Our main result is: 

Theorem 1. 7e< T satisfying D1-D4 and let uq: I* — * R 6e an observable with 
bounded p-variation. Then either uq is constant hm-almost everywhere or there 
exist m > and bounded p-variation functions Ui : 7* — > R, urat/i Uj e L l (hm) ; with 
i < m, which are unique up to an addition by a constant, such that 

• We have 

C l Ui = uq in 7 1 (/im), 

for every i < m. 

• For every function p with bounded p-variation and every c € R we ftawe 
£p 7^ u TO + c on L l (hm). 
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We can improve this result with additional assumptions on T and uo which are 
satisfied in many interesting situations. 

Theorem 2. Let T be a transformation satisfying Dl-DJ^ and suppose that the 
Banach space of functions B and T satisfies D5. Let u$ £ B be an observable. 
Then either uo is constant hm-almost everywhere or there exist an unique m > 
and functions Ui : I* — ► R, with Ui £ L (hm), with i < to, which are unique up to 
an addition by a constant, such that 

• We have 

C l Ui = it in L l {hm) 

for every i < m. 

• For every function p £ L l {hm) and every c £ R we have Cp ^ u m + c on 
V-{hm) 

Moreover Ui belongs to B, for i < to. 

We postpone the definition of condition D5 to Section [51 since it is a little more 
technical. 

Remark 1.1. There are plenty of examples of transformations T: I — ► I satisfying 
D1-D4. Let T be a piecewise monotone, expanding map. C 2 on each Consider 
the m x m matrix Ax — i a ij) defined by dy — 1 if 

T(int Li) C int Ij, 

and aij = otherwise. Here the closure and interior are taken with respect to the 
topology of [0, 1]. Suppose that A T > for some k. Then T satisfies Dl, D2 and 
D4 and some iteration of T satisfies D1-D4, with I* = L. If we add the assumption 
that T has a horseshoe, then T fulfills D1-D4. The space of bounded variation 
functions BV(I*) and T satisfies D5. 

Remark 1.2. A class of examples satisfying D1-D4 are /3-transformations T(x) = 
fix mod 1, with j3 > 2, j3 G R, I* = I. The space of bounded variation functions 
BV{I*) and T satisfies D5. 

Remark 1.3. Let T: [—1, 1] — > [—1, 1] be a continuous map with T(— 1) = T(l) = 
-1, C 2 on the intervals [-1,0] and [0, 1], with T' > in [-1, 0] and V < in [0, 1] 
and T(—x) = T(x) for every x 6 [—1, 1]. Define 

9 = inf |T'(x)|. 

X 

If 9 > 1 then there exists an unique fixed point p £ [0, 1]. Define J = [— p,p]. If 
9 > V2 then T 2 has a horseshoe in J and satisfies D1-D4 with L* = [T 2 (0), T(0)]. 
The space of bounded variation functions BV(L*) and T satisfies Dh. 

Remark 1.4. Let T: L — > / be a piecewise expanding and onto map, C ,1+a ° in 
each Jj, a € (0, 1). Then T satisfies Dl - DA, with I* = I. The space of Holder 
continuous functions C a (L), for a < olq, and T satisfies D5. 

Remark 1.5. Let T: L — > / be a piecewise expanding map, linear in each 7^. 
Suppose that T has a horseshoe and satisfies the conditions on the matrix At as in 
Remark 1 1.1 1 One can prove using the results of Wong [6] that T satisfies Dl — DA. 
with I* = I. The space of bounded p- variation functions BV P (L) 7 with p > 1, and 
T satisfies Dh. 
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1.1. Topological Results. Replacing Lipschitzian by bounded p- variation observ- 
ables has the advantage to allow us to obtain results similar to Theorems [Hand [2] to 
maps which are just topologically conjugate with maps satisfying the assumptions 
of those theorems. 

We will say that two functions /, g : W — > R are equal except in a countable 
subset, / = g on W (e.c.s.) if {x € W: f(x) ^ g(x)} is countable. 

Theorem 3. Let H : I —> I be a homeomorphism, let T be a piecewise monotone 
map and T satisfying Dl-DJ^. Suppose that 

Hot = ToH 

in I (e.c.s). Let uq: H(I*) — > R be an observable with bounded p -variation. Then 
either uo is constant in H(I*) (e.c.s) or there exist an unique m > and bounded 
p-variation functions Ui : H(I*) — > R, with i < m, which are unique up to an 
addition by a constant (e.c.s.), such that 

• We have 

Cut = uo, 
on H(I*) (e.c.s) for every i < m. 

• For every function p with bounded p-variation and every c € R we have 
Cp 7^ u + c in a non-empty open subset in H(I*). 

Theorem 4. Let H : I — ► J be a homeomorphism, let T be a piecewise monotone 
map and T satisfying Dl-DJ^. Suppose that 

Hot =ToH 

in L (e.c.s.). Suppose that the space of functions with bounded p -variation BV po j* 
and T satisfies D5. Let uq '■ H(I*) — > R be an observable with bounded po -variation. 
Then either uo is constant in H(I*)(e.c.s) or there exist an unique m > and 
bounded borelian functions Ui : H(I*) — ► R, with i < m, which are unique up to an 
addition by a constant (e.c.s.), such that 

• We have 

£ l u 2 = uo, 
on H(I*) (e.c.s.) for every i < m. 

• We have Cp ^ u + c 

A. in an uncountable subset of H(L*), if p is a Borel measurable, bounded 
function and c£l. 

B. in a non-empty open subset of H(I*), if p is a Borel measurable, 
bounded function which is continuous in H(I*) (e.c.s.) and c£l 

Moreover m has bounded po -variation, i < m. 

Remark 1.6. Let T: [0,2] — > [0,2] be a piecewise monotone, onto map, C 1 in 
[0,1] and [1,2], with T(0) = 0, T > A > 1 in [1,2] and T'{x) > 1 in x £ (0,1) 
and T'(0) = 1. Then T is conjugate with T(x) = 2x mod 1, so T satisfies the 
assumptions of Theorems [3] and 31 considering po = 1 in Theorem [J] 

Remark 1.7. Let T: [-1, 1] -> [-1, 1], T(-l) = T(l) = -1, C 3 in [-1, 1], T'(0) = 
0, T' > on [—1, 0), T' < on (0, 1]. If T has negative Schwarzian derivative and 
non-renormalizable then T is conjugate with a tent map Tp : [—1,1] — > [—1,1], 
defined as T(x) = —(3\x\ + [3 — 1, with (3 = exp(h top {T)) . Here ht op (T) denotes the 
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topological entropy of T. If ht op {T) > ln(2)/2 then T 2 satisfies the assumptions of 
Theorems [3] and IH considering po = 1 in Theorem [H 

2. Preliminaries 

In this section we present some notations and definitions. 

Definition 2.1. Given a function / : / — > C and p > 1, we define the p- variation 
of / by 

Vp.i(f) = sup I \9(<H) ~ 9(<H-i)\ 

\i=l 

where the supremum is taken over all finite sequences do < ai < • • • < a n , at £ J. 
We say that / has bounded p-variation if 

v P ,i(f) < oo. 

It is convenient to us to identify functions u and v defined on / so that u = v 
up to a countable subset of I. We write u ~ u. The set of equivalence classes [/] 
with respect to the relation ~ such that 

Vp,i([f}) = inf < oo 

/~9 

will be called the space of the functions on / with bounded p- variation and denoted 
BVpj. The function / — > u p ,/([/]) is a pseudo-norm on BV p j. We can define a 
norm by 

|[/]|w P)/ = inf (sup|g| +v p j(g)). 
g~f 

(BVpj, | • \bv r ) is a Banach space. As usual, from now on we will omit the brackets 
[■] in the notation of the equivalence classes. 

Note that 1/p- Holder continuous functions have bounded p- variation. When 
p = 1 , we say that the function has bounded variation. 

Remark 2.2. One of the greatest advantages of dealing with p-bounded variation 
observables, in opposition to either Holder or Lipschitzian ones, for instance, is 
that the pseudo-norm v p j is invariant by homeomorphisms, that is, if h: J — * I is 
a homeomorphism and / : / — > M is an observable then 

v P ,i(f) = v P ,j(f ° h). 

Definition 2.3. Given a piecewise monotone, expanding map T, define the Perron- 
Frobcnius operator associated to T by 

*Tf(x) =^ /( a,(x))^i-^]l T(/j) (x), 

where <jj : T(Ij) — * Ij stands for the inverse branch of T restricted to Ij and 11 j 
denotes the characteristic function of the set J. 

The main properties of $t are: 

i) <f>x is a continuous linear operator on L 1 (ft,m). 

ii) / <&Tf'gdm= / /■ g o T dm, where / G L 1 (m) and g £ L °° (m). 
Jo Jo 

Hi) <&rf = f if and only if the measure p = fm is invariant by T. 
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3. A SPECIAL BASIS OF L 2 (hm) 
Consider the Hilbert space L 2 (hm) with the inner product 

( u ' w )hm = / uwh dm - 



Indeed (u,w) hm is well defined even for u £ L k (hm) and w £ L b (hm), with k,b £ 
[l,oo) U {+00} satisfying 

\ + \ = l - 

In this section we will built a Hilbert basis for L 2 (hm). Consider the bounded 
linear operator P : L k (hm) — > L k (hm), k > 1, defined by 

p(u) = iM. 

Due Eq. ([2]), the operator P is well defined. Let B = {<Pi}i£^ be an orthonormal 
basis for 

Ker(P) = {u £ L 2 {hm) s.t. P(u) = 0}. 

Define 

W = op : ifi £ B e j £ N}U {11/.}. 
where 11 denotes the constant function l(x) = 1. 

Proposition 3.1. W is a Hilbert basis for L 2 (hm). Indeed we can choose B such 
that W C L°°(hm). 

Remark 3.2. A very interesting example of this theorem is given by the function 
T: [0, 1] -> [0, 1] defined by T(x) = ix mod 1, with t £ N \ {0, 1}. In this case the 
Ruelle-Perron-Frobenious operator is just 

The Lcbcsguc measure m is an invariant probability, so P = Moreover 

B = {sin(27mx), cos(27rnx) : t does not divide n} 
is a basis for Ker P. Note that 

sin(27rnr J (x)) = sin(27rn€"'x) and cos^TmT-^rz;)) = cos(27rn£ : 'a;), 
so the corresponding set W is just the classical Fourier basis of L 2 ([Q, 1]). 



It is easy to see that the Koopman operator U : L k (hm) — > L k (hm), k > 1, 
defined by 

Z7 (w) — w oT, 
is the adjoint operator of P, that is 

(3) (P(u),ti;) hni = <u,^(«;)) fcm 

for every u £ L k {hm) and w £ L h {hm). Moreover 

PoU(f) = f 

for every / £ L 1 (/im). 
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Lemma 3.3. W is an orthonormal set. 
Proof. Indeed 

I lr* U=(/im) = 1; 

l<°i° TJ li»(hm) = IVilla(hm) = L 

Futhermore if 

(n,ix) 7^ («2,J2) 

then cither j\ = ji , so we have 

(<Pii °T n ,ip i2 °T ]2 ) hm = (ipi^ipi,)^ = 0, 
or without loss of generality we can assume j\ < j2 and 

(^oP'^oT^ = ( Villft! oP-i^ m = (p^-ii^),^)^ = 0, 
and 

(<Pi 1 o T- 71 , lj*) hm = j ft ° T 3 h dm — J ' tfih dm = J P((fi)h dm = 0. 

□ 

Lemma 3.4. There exists a countable set of functions A C L°°(hm)nKer(P) with 
the following property: Let w £ L k (hm), with k > 1. If for all <p € A we ftave 



iy<^/i dm = 0, 

t/ien t/iere exists (3 £ L k (hm) such that 

w = [3 o T 

hm-almost everywhere. In particular Ker(P) 1 ^ = U(L 2 (hm)). 

Proof. Note that for the existence of (3 £ L k (hm) such that w — (3 o T is necessary 
and sufficient that for hm- almost every y £ I we have 

(4) l{w{x) : h(x) ^ and T(x) = y] = 1. 

Indeed, if the Eq. (H|) holds then for every y satisfying (H|), choosing x such that 
T(a;) = y and ^Owe can dchnc 

(3(y) = w(x). 

If y does not satisfy (|3]), define /3(y) = 0. Of course w = [3oT /im-almost everywhere 
and, since hm is an invariant measure of T, (3 belongs to L k (hm). 
Let d be the set of points xq £ I such that the function 



(5) Fi(a) = j wo /Ti{Tx) ■ ^T(ii){T{x)) ■ h(x)dm(x) 

Jo 

has derivative woai(T(xo))Hj'(i i ){T(xo))h(xo) at a = xq. The function in the above 
integral belongs to L 1 (m), so by the Lebesgue diffentiation theorem the set 

C = Hid \ Uidlt 

has full Lebesgue measure in /. Since T is piecewise Lipschitz we obtain that 

m(T(I\C)) =0. 

Suppose that Eq. (fj| does not hold for /im-almost every y £ I* . Then it is not 
true that Eq. d3J holds for /im-almost every y £ I\ T(I\ C). Since /im-almost 



8 



AMANDA DE LIMA AND DANIEL SMANIA 



every point has at least one preimage x with h(x) ^ 0,we conclude that there exists 
yo S I \ T(I \ C) and two inverse branches of T, denoted by o\ and ct 2 such that 
yo belongs to the interior of T(I{) n TX/ 2 ) and furthermore 

w ° 0-1(2/0) w o (T 2 (2/o), fr(oi(yo)) ^ 0, h(a 2 (y )) ^ 0. 
We can assume 

w o-i (j/o) > w o cr 2 (yo), 

so 
(6) 

Wocr 1 orocr 2 (y )]l T(Jl) orocr 2 (?/ )/iocr 2 (?/ ) > woCT 2 oToCT 2 (y )]l T(j2) oToCT 2 (y ) W 2 (y )- 

Since a 2 (yo) G the derivatives of the functions F\ and F2 at a = cr 2 (j/o) are 
the left and right hand sides of Eq. ^ respectively, so there exists e > such that 
for every closed non degenerate interval 7 2 satisfying 

(7) 0-2(2/0) e I 2 C (0-2(2/0) - £,02(2/0) +e) n I 2 

we have 



u> o 01 (Tx)%r{ii) ^ 1 ( x ) ' h(x)dm(x) > wo o 2 (Tx)llr(7 2 ) o T(x) ■ h(x)dm(x) . 

Choose an interval I 2 satisfying Eq. {7J and small enough such that T(/ 2 ) C 
T(Ji). We can assume without loss of generality that 9/ 2 C Q. Then 



w o <ji(Tx) ■ h(x)dm{x) > wo ct 2 (Tx) • h(x)dm(x) . 
Let /1 := o-i(T(/ 2 )) C I\. Define <p as 



\T'(x)\ h{a 2 {Tx)) 
\T'(a 2 (Tx))\ h(x) 



if x e h, 



(8) ¥>(x) = { 1 if a; g f 2) 

otherwise. 

Note that (p g L°°(hm) and = 0. 

Hence 



iu^/i dm + / wiph dm 

\T'\ hoaooT 
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Since 02 T : I\ — > I2 is Lipschitzian and monotone increasing, we can make a 
change of variables to get 

w T7^r^ — ■ — 7^ r hdm + [ whdm 

h \T'oa 2 oT\ h Jj 2 

w o <j\ o T ■ h dm + / w o (j 2 T ■ h dm 
Ji 2 JI2 



w o o\ o T ■ h dm + w o 02 ° T ■ h dm 
Ji 2 

< — / iv o 02 o T ■ h dm + I W o (T2 o T ■ h dm = 0. 



Therefore 

J wiph dm 7^ 0. 

Let A be the set of functions <p of the form in Eq. ((8|), with 

• The intervals Ij C h , j — 1,2, and 02 : T(Ii 2 ) — > Ij 2 is the inverse of 
T: I l2 ^T{I l2 ). 

• T{I 2 )=T{h). 

• 0J a c Q. 

Then it is easy to see that A is countable and A C L°°(hm) n KerP and, by the 
argument above, A has the wished property. 

In particular for k = 2 wc obtain Ker(P) 1 - C U(L 2 (hm)). The inclusion 
U(L 2 (hm)) C Ker{P)^ follows from Eq. ©. □ 



Proposition 3.5. Let A 6e as in Lemma \3.4\ Let u : I — * M be a non constant 
function in L 1 (hm). Then there exists ip £ A, and an integer p > smc/i t/iot 

J u(p o P ■ A dm = 0, for all < j < p 

and 

mp o T p ■ h dm 7^ 0. 



Proof. Suppose that, for all <p G A and for all fc > 

(9) J uipoT k ■ hdm = 0. 

We claim that for every n there exists /3„ £ L 1 (/im) such that 

(10) u = /?„ o T™. 

Indeed, choosing fc = in Eq. (flO|) we obtain that for all <p E A 

u dm = 0. 



By Lemma I3T41 there exists /3i € L 1 (hm) such that 

it = Pi o T. 

Suppose by induction that u = j3 n o T™, with /3„ S L 1 (hm). By Eq. ([9]) when 
k = n, for all </? € A we have 

P n iphdm= p n oT n ■ (poT n ■ hdm = / uipoT n ■ h dm = 0. 
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Hence, by Lemma l3~4"l there exists f3 n +i £ i 1 (ft.m) such that 

(3 n =l3 n+1 oT^u = p n+1 oT n+1 . 

Since the measure hm is an exact measure, we can conclude that u is a constant 
function. So u = 0. 

□ 

Corollary 3.6. Let u : I — > M be a non constant function in L 2 (hm). Then there 
exist ipi G B and an integer p > smc/i i/iai 

(u, tpi o T J ) hm = /or < j < p 

and 

Proof. Suppose that for every ^ e 6 and every j £ N 

(u,VJioT J ') fcm = 0. 

Since B is a base for Ker(P) and J7 J : L 2 (hm) — > L 2 (hm) is an isometry, it follows 
that 



ip o T J ■ u ■ h dm = 

for every <p g Ker(P) and j e N. This contradicts Proposition 13. 51 □ 



Proof of Proposition \3.1\ It follows from Lemma 13.31 and Corollary 13.61 that B is 
a basis of L 2 (hm). To construct a basis W C L°°(hm), consider an enumeration 
of the set A = {V>i} defined in Lemma 13.41 Apply the Gram-Schmidt process 
in the sequence tpi to obtain a sequence tpi of two by two orthogonal functions. 
Discarding the null functions and normalizing the remaining functions, we obtain 
an orthonormal set of functions B. Due Lemma 13.41 



span(B) = span(A) = Ker P, 
so B is a basis of Ker P, so 

w = {0oT J : cj>€B, jeN}u{iij*} 

is a basis of L 2 (hm). □ 

From now on we assume W C L°°(hm). Let it £ i 1 (ft,m) and consider the 
Fourier coefficients of w with respect to the basis W 

Ci.j(u) = J u • (pi o T 3 ] ■ hdm. 

Proposition 3.7. The functionals Cij have the following properties: 

(1) Ci j is linear on L 1 (/im) 

(2) c-AU(u))=c lJ . 1 (u). 

(3) Ci, Q (U{u)) = 0. 

(4) c i , j (P{u)) = c i!j+1 (u). 

Proof. (1) The proof is straightforward. 
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(2) 

Cij (u o T) = J uoToifioT^-h dm = J uo Ttpi o T^ 1 o T ■ h dm 
= J wfi o T^ 1 ■ hdm = Cj iJ _i(u). 

(3) 
(4) 

C i,3 



Cj.o(uoT) = / uoT-(pihdm= / u<&((pih) dm = 



(Pu) = J P(u) o Tift o T j hdm = J ^>(uh)ip t o T j dm 
= J wfi oT J oT' hdm = Cij+i(u). 



□ 



4. Proof of the Theorem Q] 
In this section we will study the linear operator 

Cu = u o T — u 

acting on functions with bounded variation (resp. 1/p- Holder continuous function) 
u : I -»• ffi. 

First, wc will present some properties and then, at the end of this section, we 
will prove the theorems announced in introduction. The following results are well 
know. 

Lemma 4.1. Let C be the linear operator defined above acting on L^ihm). Then: 

(1) /// e Im(£), then j fhdm = 0. 

(2) Ker(£) = {/ G L x {hm) : f is constant hm-almost everywhere} . 

Corollary 4.2. Let u G L 1 (/im) and suppose that there exist functions v,w € 
L 1 (hm) such that 

C n v =u = C n w. 

Then v = w + c on L 1 (hm), for some c G M. Moreover if v,w have bounded 
p-variation then v = w + c on I* (e.c.s.). 

Proof. Define u,; = £ n ~ l v, w, = £ n ~ l w. We will prove by induction on i that 
i>j = tUj, if i < n and v n = w n + c, for some c € R. Indeed, for i = we have 
wo = vq = u. Suppose that Vi = uii, i < n. Then 

C(v i+1 - w i+1 ) =Vi- Wi = 0, 

so Wi+i — wji+i is ft,m-almost everywhere constant. If i + 1 = n we are done. If 
i + 1 < n then £u;+2 = fj+i and Cwi+2 — uii+i, so 

Vi+i h dm = / u>i+i h dm = 0, 



which implies c = 0. Now assume that it, v and w have bounded p-variation. Since 
the support of hm is 7* and w = w + c hm-almost everywhere, we have the v = w + c 
on a set A C L* such that for every non-empty open subset O of I* we have that 
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O n A is a dense and uncountable subset of O. Since v and w have just a countable 
number of discontinuities in /*, it follows that v = w + c in 7*(e.c.s.). □ 

Lemma 4.3. Let J be an open interval as in D3 and u G BV p j* . Then 

v p ,j(£u) > v Pt j(u) 

for every n G N. 

Proof. Let J\, Ji C J be as in D3. Since T is a homeomorphism on J\ and J2, by 
Remark [2^21 

v p j(uoT) > v P)Jl (uoT) + v p j 2 (u o T) = 2w Pj j(u), 

so 

v p ,j(uoT - u) > V Pt j(u o T) - V Pt j(u) > V Pt j{u). 

□ 

Lemma 4.4. There exists C with the following property: Let u n : I — > K, n < m+1, 
&e observables with bounded p-variation, p > 1, smc/j £/iaf /or every n < m 

u n = Cu n+ i. 

Then 

\Un\L°°(hm) < Vpj+(u n ) < Cv p j*(u ) 

for every n < m. 

Proof. Let J C I* be an one interval as in D3. By Lemma l4~3l 

(11) v p .j{u n ) < v p .j(u ) 

for every n > 0. By D2 there is a finite collection of pairwise disjoint open intervals 
Hi , . . . , H k C J and j such that T J is a homeomorphism on each Hi and 

(12) mt I* C \J k l=1 T:>(H t ). 
We claim that for every ^ < j and n 

(13) Vp^ T i {Hi) {u n ) < 2 £ Vpj{u ) 

We will prove this by induction on I. Of course since Hi C J, Eq. (jTTJ) implies that 
for every i = 1 , . . . , k 

(14) v PtHi {u„) < v Pt j(u ), 

So Eq. (|T3j) holds for £ = 0. Suppose by induction that Eq. (|T3j) holds for I < j 
and every n. Since T is a homeomorphism on T (Hi) and u n _i = u n o T — u n we 
have 

Wp,T'+i(ff,)( M ") = v p,Tt(H t )(Un ° T) < Upj«(ff,)( M ™) + u p,T«(if i )( U ™- 1 ) 

< 2 £+1 ^ J (u ). 

By Eq dm) 

Vp,/*(«ra) — ^p,int I* v p,Ti (Hi){u n ) < k2 J v p j(u ) < k2 J v p j*(u ). 

i—1 

Note that since w n = o T — m„ + i it follows that 

/ u„/i dm = 0, 
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Suppose that 

ess SUp hm U„ = \u n \ L °o( hm y 

Then 

> -V p ,i*(Un) + \u„\ L ^( hm ). 

so |u n |Loc( ftm -) < v p j*(u n ). We can obtain the same conclusion for the case 

— ess infhm U n = \Un\L°°(hm)i 

replacing u n by — u n in the argument above. □ 

Proof of Theorem [71 Define by induction the (either finite or infinite) sequence 
u n : I* —t R of functions in the following way: uq is given. If u n is defined and 
there exists a function v : I* — ► R with bounded p- variation such that Lv = u n in 
L 1 (ft,m), then define 



= v — J v h dm. 
Otherwise the sequence ends with u n . Note that 

Define 

mo = sup{n € N: u n is defined } e N U {oo}. 
We will show that mo < oo. Let m € N, m < mo. Recall the basis W defined in 
Section [3l By Corollary 13. 61 if uq is not constant there exist i and q > such that 



c;.j( u o) = / uo (fi o T J ■ hdm = 0, for all < j < q 

and 

Ci, q (uo) = J uo <fi a T q ■ hdm ^ 0. 
By Lemma [4~4l we have that |itn|i°°(/im) ^ Cv p j t (uo), so 



|Cf,fc(tt n )| 



u n ifi o T fc • /i dm 



< / \u n \\(Pi °T k \\h\dm < Mv p j*(u Q ). 



Using Lemma 13. 7\ we can now use an argument quite similar to [3] . Observe that 

Cij(u n -i) = Cij(u n oT— Un) = c it i(u n oT) - cu(u n ) = CiJ-i(u n ) - c l} i{u n ), 

for I > 1. 
For I = 0, 

Cj,o(w„-l) = Cifi(u n oT — U n ) = C 1j0 (m„ o T) - Cifi{u n ) = —Cifl(Un), 

for < n < m. 

Therefore, for < n < m 

(15) Ci,i(u n ) = Cj,j_i(u n ) - Cij(u n -i), for I > 1. 

(16) Cj, (Wn-l) = -Ci,o(«n)- 

Since Cij(uo) = for < j < q, by equations (fT5|) and (fl6|) . we can conclude 
that 
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(17) Cij(u n ) = for < j < q and < n < to. 
Now, by equation (|15[) . considering I = p, we have 

Q,q(^n — l) Ci.q — l(^n) Q,g(^n)- 

By equation (|17j) . for every n < m 

(18) c iig (u„_i) = -c^ g (u„). 
By equation (fTS]) . we conclude that for n < m 

Ci, q (u n ) = (-l) n a iq (u ). 
Considering / = q + 1 in the equation (|15[) 

Ci, q +i(u„) = (-l) n Ci tq (u ) - Cj, g+ i(u„_i) => 

(19) c i>g (u ) = (-l) n c iig+ i(u„) + (-l) n Ci, q+1 (u n -x). 

Putting n = 1 , . . . , to in Eq. (|19p and adding the resulting equations we obtain 

(20) to • c i<q (u ) = (-l) m Ci. q+ i(u m ) - Ci. q+1 (u ). 



Therefore, 



m _ -Ci, q +i{u ) + (~l) m Cj, q+ i{u m ) 

Ci,q{u ) 

\ci. q +i(u )\ + \c i>q+ i(u m )\ 



< 



\Ci,q(u )\ 



< \Ci,q+l{uo)\ + Mv p j(u ) 

K«( u o)| 

So m is bounded. Note that by Corollary 14.21 if v n € L 1 (ft.m) satisfies jC"d„ = «o 
then t) n = w n + c in L l (hm), for some c€R. This proves the uniqueness statements 
of Theorem [TJ □ 

5. Proof of the Theorem [2] 

Let (B, | • |b) be a Banach space of real-valued, Lebesgue measurable functions 
defined on I such that 

(D5) (i) T is a piecewise expanding map. 

(ii) There exists C and po > 1 such that 

l/|w POiI , < C\f\» 

for every / el. Here v p j(f) denotes the p- variation of / on I. 

(iii) the Perron-Frobenious operator <I>x of T is a bounded operator on B 
and there exists h S B, h > 0, A S [0, 1) and an operator 'J: B — > B such 
that 



with 

l* n | B < cx n , 
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for every / el and n <G N. Moreover and ^(h) = 0. 

(iv) l/ftei. 

(v) The multiplication 

is a bounded bilinear transformation on B. 

(vi) The set B is dense in L 1 (/im). 

Remark 5.1. Note that D5.i implies that for every k > 1 we have 

B C BV PQt i* C L°°(hm) C L k (hm). 
Indeed for every v € B and k > 1 we have 

\v\ L x(h m ) < \v\L°°(hm) < C\v\bV P0 ,i* < C\v\ B . 

So D5.iii-v implies that 

h 

converges exponentially to zero in L k (hm), L°°(hm), BV po j* and B. 

The proof of Theorem [2] is an immediate consequence of Theorem [T] and 

Lemma 5.2. Let T be a transformation satisfying D1-D4 and suppose that B and 
T satisfies D5. Let u £ B and suppose that there exists v € L (hm) such that 

u = Cv 

on L* . Then v coincides hm-almost everywhere with a function Di 6 B. 

Proof. The method we arc going to use here is very well known for specific kinds 
certain dynamical systems and observables. See for instance [1] for the case of 
piecewise expanding maps and bounded variation observables. Since 

u = v o T — v, 

Applying P° , j > 1, we get 

(21) Phi = P°- X v - P j v, 

Putting j = 1, . . . , n in Eq. (|21[) and adding the resulting equations we obtain 

n 

v = P n v + P 3 u 

3=1 

We claim that \P : 'v\ L i^ hm ) — >j 0. Indeed, due D5.vi for every e > there exists 
w £M such that J w h dm = and \v — w\L 1 (hm) < e - Since P is a contraction on 
L^^^m), for every j 

\P j v-P j w\ L i (hm ) < e. 
Due D5 we have that for every wel 

P j (w) = -W(wh), 

with 

so for j large enough 

\P j v\ L i(hm) < 2e. 
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This proves our claim. In particular 

oo 

V = pju i 

j=l 

where the convergence of the series is in L 1 (hm). On the other hand, by Remark 15. II 
this series converges in L 1 (/im) and B to a function vi € B. So v = v\ /im-almost 
everywhere. □ 

Remark 5.3. The finitcncss result for the family of cohomological operators 

C\(v) = voT — \v, 

with A € (0,1], T(x) — £x mod 1, for integers £ > 2 and Lipchitz observablcs, 
obtained in [3j Main Lemma, page 225], can also be generalized for maps described 
in Remarks II. 1| 11.21 and II. 3[ replacing Lipchitz observablcs by bounded variation 
observablcs. The methods to achieve this generalization are quite similar to those 
in [3J, so we will not give a full proof here. It is necessary to use Theorem^ and to 
replace in their argument the usual Fourier basis by the basis obtained in Section 
[3J and the compactness of closed balls centered at zero of the space of Lipchitz 
functions as subsets of the space of continuous functions by Helly's Theorem, that 
is, the compactness of closed balls centered at zero of the space of bounded variation 
functions as subsets of L (hm). 

6. Topological results 

Proof of Theorem^ Define uq = uq o H. Then uq has bounded p- variation. By 
Theorem [T] there exist bounded p- variation functions u%, i < m, unique up to a 
constant, such that 

L l Ui = uq on L 1 (/im), 

and 

(22) Ca 7^ u m + c on L 1 (/im), 

for every bounded p-variation function a. Here Cv — v o T — v. Since the support 
of hm is I*, it follows that C l Ui = uq in /*(e.c.s). Define Ui = iii o H~ l . Then 
has bounded p-variation and 

C l Ui = uq on H(I*)(e.c.s). 

Suppose that there exist a function p with bounded p-variation such that Cp = 
u rn + c(e.c.s). Define p = p o H . Then p has bounded p- variation and Cp = u rn + c 
on L 1 (/i?ti). That contradicts Eq. (f2"2"|) . So Cp ^ u rn + c in an uncountable subset 
of I* . Since the discontinuities of Cp and countable, it follows that there 

is a continuity point xq £ I* of both functions such that (Cp)(xo) ^ u m (xo) + c. 
So there is a non-empty open subset of I* such that Cp ^ u m + c. □ 

Proof of Theorem ^ The proof of this theorem is quite similar to the proof of 
Theorem [3j so we left it to the reader. □ 
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